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ABSTRACT 

3/33 2- 
If F is a contractive mapping, then under ce r t a in  condi- 

= Fx tends t o  the unique fixed-point n+l n t i o n s  the sequence x 

of F,  Because of rounding or d i sc re t i za t ion  e r ro r  i n  the  

numerical evaluation of F, an  approximate sequence {y,] i s  

i n  general produced i n  place of the  exact sequence {x 1. I n  

this paper we combine r e s u l t s  of Ehrmann, Ostrowski, Schmidt 

n 

and U r a b e ,  which deal  w i t h  the  behavior of the approximate 

sequence {yn], i n t o  a unif ied s e t t i n g  and give extensions of 

some of t h e i r  r e s u l t s .  The discussion i s  s e t  i n  t e r m s  of 

spaces metricized by elements of a partially-ordered topological 

l i n e a r  space e 



On a C l a s s  of Approximate I t e r a t i v e  Processes 

J a m e s  M. Ortega and Werner C. EUleinboldt 1) 

1 . Introduction 

The problem of approximating a solut ion of the fixed- 

poin t  equation x = Fx is closely connected with the i t e r a t i v e  

process x 

c r e t i z a t i o n  e r r o r  i n  the evaluation of F, an approximate se- 

quence {y } i s  i n  general produced i n  place of the exact se- 

quence Exn} and, i n  a var ie ty  of s e t t i ngs ,  the  e f f e c t  of t h i s  

error has  been invest igated i n  recent years by several authors 

(see, e.g., Ehrmann [4],  Gardner [SI, Ostrowski [lo], Schmidt 

[ 141 8 Urabe [ 181 , [ 191 , Warga [ 2 2 ]  and Zincenko [ 231 

= REn, n = 0,1, . . . . Because of rounding o r  dis- n+ l  

n 

U r a b e  [lS] s tudies  i t e r a t i o n s  of the form yn+l = Foyn 

where F 

F is  assumed to  be caused by rounding e r ro r .  

t h a t  the sequence y has the property t h a t  y 

Fy by a quant i ty  En which tends to  zero. 

i t e r a t i o n s  of the  form yn+l 

i s  "close" t o  F and where the deviation of Fo from 
0 

Ostrowski assumes 

d i f f e r s  from 

Ehrmann considers 

n+ 1 n 

n 

where, f o r  example, the  Fn - 
- FnYn 

')This work w a s  supported i n  p a r t  by NASA grant  NsG-398 

to  the Computer S,cience Center and i n  p a r t  by N S F  g ran t  

PIVW6 to  the I n s t i t u t e  fo r  Fluid Dynamics and Applied 

Mathematics a t  the  University of Maryland. 
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m a y  be the f i rs t  n terms of a p o w e r  series expansion for F. 

Schmidt and Warga assume t h a t  the y are themselves fixed-points 

of such operators Fn; i ,e. tha t  yn = Fnyn. 

w e  combine these somewhat disparate  r e s u l t s  into a unif ied 

s e t t i n g  which  exhibits the basic underlying pr inc ip les .  This 

i n  tu rn  permits s o m e  extensions of t h e  previous r e su l t s .  

n 

I n  the  present work 

Our discussion i s  set i n  terms of spaces which are m e t r i -  

cized by elements of a partially-ordered topological l i n e a r  

space N, This i s  a na tura l  extension of inves t iga t ions  i n i -  

t iated by Kantorovich (see, e.g. [6], [ 7 ] )  and is  es sen t i a l ly  

the s a m e  s e t t i n g  used by Ehrmann and Schmidt, 

I n  Section 2 w e  collect  some basic de f in i t i ons  and pre- 

l iminary r e su l t s .  I n  Sections 3 and 4 w e  give several  conver- 

gence theorems and relate these to s o m e  of the r e s u l t s  mentioned 

previously. For s implici ty ,  w e  assume i n  these sections that 

N = Rm, or i n  other words that the  spaces are metricized by 

elements of the real m-dimensional Euclidean space. F ina l ly  

i n  Section 5 w e  show how the r e s u l t s  extend to m o r e  general  

spaces. 

2. Prel iminaries  and Lemmas 

Let  N be a real l i n e a r  space and C a convex cone with 

ver tex  zero: i.e. tCcC for a l l  t Z O ,  C+GX and cn-c = 0, Then 
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the  r e l a t ion  "xSy i f  and only i f  y-xEC" introduces a p a r t i a l  

ordering i n  N which i s  compatible with the l i nea r  s t ructure .  

If ,  i n  addi t ion,  N i s  a topological l i nea r  space w i t h  a local ly-  

convex topology T under which C i s  closed, then we c a l l  N a 

p a r t i a l l y  ordered topoloqical l i nea r  space (PTL space) with 

respect  t a  C and T= 

Defini t ion 1: 

Then a mapping p from XxX in to  N such t h a t  (i) p(x,y) = 0 i f  

and only i f  x=y f o r  a l l  x,y€X and (ii) p(x,y)Sp(x,z) + p(y,z) 

f o r  a l l  x8y,zEX i s  ca l led  an N - m e t r i c ,  and X i s  said t o  be an 

N-metric space. 2, 

m e t r i c  p is  ca l led  invar ian t  i f  p(x,y) = p(x-y80) f o r  a l l  x,yEX. 

Clearly,  the two propert ies  of an N-metric imply tha t  

Let X be any nonempty set and N a PTL space. 

If x i s  i t s e l f  a l i nea r  space then the N- 

p (x,y)ZO and p (y,x) = p(x ,y) .  Note a l so  tha t  for  invar ian t  p 

w e  have 

I n  order t o  deduce most of the  des i rab le  proper t ies  about 

2)These spaces a re  sometimes a l so  ca l led  pseudometric 

spaces: see e.g., Collatz [ 3 ] ,  although i n  h i s  case the 

convergence of elements i n  N i s  not defined by a topology. 
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monotonic convergence i n  N, such as the existence of the 

l i m i t  of a bounded monotone sequence, it i s  necessary t o  make 

addi t iona l  assumptions about the space N, To avoid burdening 

the  discussion with these topological questions w e  r e s t r i c t  

ourselves  a t  f i r s t  to  the case N = R ~ ,  i .e, to  R -metric spaces, 

and post;pone the extension of our results to  gerreral N-metric 

m spaces u n t i l  Section 5. Here R denotes the r e a l  m-dimensional 

coordinate space with the usual componentwise par t ia l -order ing.  

Clear ly  Rm i s  a PTL space under any norm topology and i f  \I. \ \  

denotes an a rb i t r a ry  norm then the sets {x€Xl 11 p(x,x ) 11 < r, 

r r e a l )  form a local  neighborhood base a t  x 

topology on X. Under t h i s  topology a sequence {x )EX converges 

t o  xEX if and only if p(xn,x) -, 0 a s  n + OD.  

R -metric space if every Cauchy sequence on X has a l i m i t  point  

i n  X, 

m 

0 

for  a Hausdorff 
0 

n 

W e  c a l l  X a complete 

m 

m R - m e t r i c  spaces play an important  ro l e  i n  appl icat ions,  

Some simple examples a re  the following: 

m 1) O n  X = R ,  

p (x,y) = ( IX1-Y1l* . . . I I Xm-Yml 1 I 

where x = ( x l , . . . , X  1, 

i s  an invar ian t  R -metric. 

Y = ( Y 1 ~ - - - ~ Y m ) i  m 
m 
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2) Let X be the space of continuous functions on [O,l] 

and 0 = t <t <... <t,+l = 1. 

where 

Then p(x,y)  = (r18...8rm), 1 2  

m is an invariant R -metric on X. 

3 )  On the space X of 

functions on [O,lI, p(x ,y)  

= sup 1 dk){t) - 
oStS1 k+l r 

(m-1)-times continuously differentiable 

= (rl,...,r ) ,  where 

y(k)(t) I, k = 0,1, ..., m-1, 
m 

m is an invariant R -metric. 

m m Definition 2: A linear operator P:R -, R is nonnegative if 
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Pa z 0 whenever a 0. P i s  convergent i f  ? , pka converges 

for  a l l  a€Rm. 

4-' 

k= 0 

N o t e  t h a t  P i s  convergent i f  and only if i t s  spec t ra l  

rad ius  i s  less than unity.  I f  P i s  convergent then 

k 
0 

( I -P)al  = 1 P a,aERm; this shows i n  pa r t i cu la r  t h a t  (1-PI-l  
k = O  

is  nonnegative i f  P i s  nonnegative. The converse a l s o  holds 

m Lemma 1. 

suppose (I-P) exists and i s  nonnegative. Then P i s  conver- 

L e t  P:Rm + R be a nonnegative l i nea r  operator and 

-1 

gent . 
!Fhe next lemma reduces for  m = 1 to a special  case of the 

well-known Toeplitz lemma [171. 

Lemma 2. Let P:Rm 4 Rm be convergent and set 

k = O  

Then a 0 i f  and only i f  bn 0. 

Proof: Since P is  convergent, l i m  sup 11 P 0 ?i < 1 i n  any norm 

n 
1 n 

and therefore 
k= 0 

From 

k=o k=n +1 
0 

it then  follows that  an-o i f  bk+ 0. Conversely, s ince 
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a + o implies b 4 0. an+l=Pa n +bn+l , n n 

m m Definit ion 3: L e t  X be an Rm-metric space and P:R ---.+ R 

nonnegative convergent l i n e a r  operator. Then a mapping 

F:D c X 4 X is cal led a P-contraction on D i f  

a 

A general theorem of SchrGder [16] assures the v a l i d i t y  

of the  contraction pr inciple:  I f  F:X-X is a P-contraction 

on a complete R - m e t r i c  space x# then F has a unique fixed- m 

point  x*=Fx* i n  X and the  sequence x =Fx , n  = O,l, -. . con- n+l n 

verges t o  x* for  any x . 
0 

W e  s h a l l  be in t e re s t ed  i n  approximate P-contractions t h a t  

are defined only on a subdomain of X. The following lemma 

general izes  a r e s u l t  of Collatz (see [ 3 ] ) .  

m m m 
Lema 3: L e t  X be an R -metric space and P:R --+ R a non- 

negative convergent l i n e a r  operator. Suppose thatF:D c X 4 X 

s a t i s f i e s  

L D such t h a t  and t h a t  t he re  e x i s t  y, 8yi - m  for s o m e  f ixed 'dr  R 

where (Fs 8yl). Then FS c S. 
( 
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Proof: If x S, then 

3 .  Approximate I t e r a t ions  

The following theorem, which generalizes a r e s u l t  of 

Ostrowski [ l o ] ,  w i l l  be basic  t o  the  subsequent discussion. 

m Theorem 1: L e t  X be a complete R -metric, F:DcX--.+X a P-con- 

t r a c t i o n  on D and ScD a closed subset with t h e  property t h a t  

FS c S. (Hence, by the  contraction p r inc ip l e  the  sequence 

= Fx n = 0,1 8..., s t a r t i n g  from any x E S converges 
n+l n' 0 

X 

t o  the unique fixed-point x* of F i n  S . )  

an a r b i t r a r y  sequence i n  D and set En = f ( F ~ ~ . y ~ + ~ ) ,  n = 0,1, . . . . 
Then the  following est imates  hold: 

Let  yo,y l l . . .  be 

and 

Moreover, 

( 3 . 3 )  Yn - D X *  i f  and only i f  Fn" 0, n--. 

Proof: The estimate (3.1) follows from 
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-1 i and t h e  nonnegativity of (I-P) while (3.2) is obtained from 

and gn-O. 

Note that no assumptions w e r e  made about the  sequence 

except that y cD. I n  par t icu lar ,  t h e  y do not need C: yn1 nl  n 

t o  l i e  i n  S nor do the & need t o  be small. 

t o  be useful,  w e  s h a l l  of course i n t e r p r e t  the sequence [y f 

as an approximation t o  the exact sequence [x 3. 
case x 

that  of the  contraction pr inciple .  Final ly ,  note t h a t  (3.1) 

and (3.2) play d i f f e r e n t  roles:  (3.2) relates the exact se- 

quence 

t h e o r e t i c a l  purposes as proving (3 .3) .  On the other hand, 

(3.1) is a computable estimate w h i c h  may be used, for  example, 

For the  estimates 

n 
In  the spec ia l  n 

- - yn, i.e., & = 0, the estimate (3.1) reduces t o  n 

x f t o  the- sequence [yn{ and is useful f o r  such 
n 

t o  terminate a computation. 
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The approximate sequence l y n {  may be generated i n  a 

va r i e ty  of ways. A ra ther  general process, considered by 

Ehrmann [41, i s  

- - FnYn' n = 0,1, ... Yn+1 ( 3  -4) 

where Fn:DcX -+.X. 

s e t t i n g  is: 

A simple consequence of Theorem 1 i n  t h i s  

Corollary 1.1: L e t  F:X--+X be a P-contraction on a11 of X 

and suppose the mappings F :X-X, n = 0'1, ..., s a t i s f y  n 

(Fnx,Fx) -B 0,  uniformly f o r  x E X. e (3.5) 

Then if cy 3 is generated by (3.4) we have y ----c x*, where x* 

is t he  unique fixed-point of F i n  X. 

n n 

The proof is immediate since (3.5) implies t h a t  

E = <(Fnyn,Fyn)-+O. 

weakened t o  pointwise convergence as the  following simple 

example shows: X = R , m = 1, F Z 0, F x = - 

Note tha t  (3.5) cannot i n  general be n 

1 l x  
n n+l  e 

Another corol lary strengthens a r e s u l t  of Schmidt [14, 

Theorem 31 .  The proof follows from Lemma 3 ,  t h e  contraction 

p r inc ip l e  and Theorem 1. 

Corollary 1.2:  L e t  F:DcX-+X be a P-contraction on D and 

suppose F :DcX--,D, n = O,l,..-, map D i n t o  i t s e l f .  Assume 

t h a t  f o r  some y e D, (2.3) holds w i t h  y1 = F y 

and y =  0. Then F has a unique fixed-point x* E S and f o r  

n 

b a e ( F ~ ~ , F ~ y , )  
0 0 0' 
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the sequence Cyn! generated by (3 .4 ) ,  (3.1) and (3.3) hold. 

Schmidt did not assume that  the  F map D into i t s e l f  and n 

n+ l 'wn)  instead required t h a t  (2.3) hold w i t h  y = 0 and 6 Z 2p(y 

n = 0,1, .. . . However, t h i s  is an incorrect  assumption s ince 

6 cannot be known u n t i l  it is assured t h a t  the sequence {y ] n 

e x i s t s .  But  this is  just  one of the reasons for  a condition 

l i k e  (2.3). 

W i t h  more s t r i n g e n t  conditions on the F stronger r e s u l t s  n 

may be obtained. A na tu ra l  requirement is that the  F them- 

se lves  be P-contractions, as assumed by Ehrmann, or approximate 

P-contractions. 

n 

m 
Theorem 2: L e t  X be a complete R -metric space and F:D=X 4 X 

a P-contraction on D. 

s a t i s f y  

Let the operators Fn:DcX 4 X, n = O , l , . . .  

m 
f o r  some fixed y E R , and suppose there  e x i s t s  a y E D fo r  

which 

0 
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Then 

a )  the sequences yn+l - - Fnyn, x ~ + ~  = Fx 

4 x*, where x* is the unique 
(xO n 
fixed point of F i n  S,  and the  e r ro r  estimates (3.1) and 

n = 0 ,1 , .  .., n' 

= yo) a re  well-defined, x 

i 
(3.2) hold with 8 = P ( F ~ Y ~ , W ~ ) .  n 

Mnreover, if = 0, ea&. F has a *miqi;e fixed point 2 i n  S 

and the following four statements a re  equivalent: 
n n 1 - --- 

Proof: 

the contraction pr inc ip le  assures the existence of x* and the 

convergence of x t o  x*. Similarly, using ( 3 , 8 ) ,  Lemma 3 

applied t o  each of the  F 

sequence 

now apply. 

Using (3.9), it follows from Lemma 3 t h a t  FS C S and 
I 

I 

n 

~ 

shows t h a t  F S c S and hence the 
n n l 

i s  well-defined. The e r ro r  estimates of Theorem 1 Yn 

If  y = 0, then each F 

F S C S there  e x i s t  unique z 

n = 0,1, ... . Now 

i s  itself a P-contraction and since n 

E S such t h a t  zn = Fnzn, 
n n 

I 

,x*)Zp(F y ,F.x*) + p ( F  x*,Fx*)SPp(y ,x*) + p ( F  x*,Fx*)5.,. 
n n n P 'Yn+l n n  n 

n I c pn-k n + l  
s /  U P(Fkx*,Fx*) + P p(yo,x*) 

k=o 
I 

so tha t  by Lemma 2,  (e) implies (b). From 
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we obtain 

p(FnX*,X*) S P(Fnx*,FnZn) + p ( F  2 FX*) = Pp(x*#zn) + p(Zn,X*) n n' 

and (c! Lxplies (e). Phally, (5) and (3) are equivalefit by 

Theorem 1 and the proof i s  complete. 

Theorem 2 contains as coro l la r ies  several  known r e s u l t s .  

The following generalizes a theorem of Urabe [ 181. 

Corollary 2.1: 

F 

p(Fox8Fx) 

Then (a )  of Theorem 2 is valid.  

L e t  F be as i n  Theorem 2 and suppose the  mappings 

E Fo, n = 081, ... where F :D C X 4 X is such t h a t  n 0 

y #  x E D. Assume t h a t  (3.7) holds with 6 = 0. 

W e  note t h a t  here the estimates (3.1) and (3.2) imply 

and 

-1 
P (*n+l r X * )  ' p(xn+18x*)  + (I-p) y 

s ince  y L p(F y ,Fy ) = s . The proof of Corollary 1 is h- 

mediate by noting t h a t  (3.6) follows from 

o n  n n 



- 14 - 

Next we  consider the main r e s u l t  of Ehrmann [ 41  Which, i n  

m the case of R - m e t r i c  spaces, i s  given by the  following 

m 
Corollary 2.2: 

F :D c X 4 X given P-contractions on D such t h a t  F:D c X -+ x8 

(3.5) holds. Suppose the re  is yo f D such t h a t  (3.7) is  t r u e  

with y = 0 and 6 sa t i s fy ing  (3.8). Then ( a )  and (b) of Theorem 2 

are va l id .  

L e t  X be a complete R - m e t r i c  space and 

n 

Proof: From 

together with (3.5)8 it follows that  F i tself  i s  a P-contraction 

on D. Similarly,  from 

P ( ~ 0 8 F o Y o )  P ( ~ 0 8 F n Y o )  + P ( F  n o  y R F  0 0  y 

the  v a l i d i t y  of (3.9) is  obtained. Hence a l l  the conditions 

of Theorem 2 are sa t i s f i ed .  I n  pa r t i cu la r ,  (b) follows from 

(d )  s ince c -. 0 by (3.5). n 

W e  note that the uniform convergence i n  (3.5) i s  required 

only t o  guarantee t h a t  s 4 0 and the  equivalence of (b) and n 

(e) i n  Theorem 2 yi-elds a stronger r e s u l t .  

Corollary 2.3: The conclusions of Corollary 2.2 remain valid 

i f  (3.5) holds only pointwise. 
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4. I m p l i c i t  I t e r a t ions  

I n  Theorem 2 ,  w e  considered not only the sequence 

but  a l s o  t h e  sequence z = F z of fixed-points - 
Yn+1 - FnYn n n n  

of Fn. 

i n  some d e t a i l  by Warga [ 2 2 ]  and, m o r e  recent ly ,  by Schmidt 

1141. The following theorem combines and strengthens, f o r  

R - m e t r i c  spaces, Schmidt's Theorems 1 and 2.  W e  do not assume 

the existence of a fixed-point (Schmidt's Theorem 1) nor do 

w e  assume t h a t  p ( F  

I m p l i c i t  i t e r a t ions  of t h i s  kind have been considered 

m 

y ,Fyn) = 0 (Schmidt's Theorem 2). n+l n 

m Theorem 3: L e t  X be a l i n e a r  space w h i c h  is  a complete R - m e t r i c  

space under s o m e  invar ian t  R - m e t r i c  and l e t  F:D c X -. X. 

Suppose that  F,:D c X 4 X,  n = O,l, ... are Q-contractions on 

D w h i c h  possess (unique) fixed-points y E D and have the  

property that  f o r  a l l  n 1 0  

m 

n 

p(Fx-FnX, W-F y) ' Rp(x,y) 8 X,y f D, n (4.1) 

-1 
w h e r e  R is a nonnegative l inear  operator and P = (I-Q) R is 

convergent. Assume  further tha t  yo and y1 have the property tha t  

w h e r e  6o 1 p(F1yo,Fyo). Then F has a unique fixed-point x* E D 

and the  following e r ro r  estimate holds with 6n = p (Fn+lyn,Fyn) 8 

n = 1 , 2 , . . - :  
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Moreover, the following four statements are equivalent: 

Proof: By (2.1) and (4.1) we have for all x, y E D 

With T = Q + R, I-T = (I-Q) (I-P) and since P and Q are conver- 

gent and nonnegative, 

-1 
(4.3) (I-T)-' = (I-P) (I+)-' 

exists and is nonnegative. Therefore Lemma 1 shows that T is 

convergent and hence F is a T-contraction on D. 

for x E SI, 

That is, S' c S. But then, by Lemma 3, FS' c S' and, by the 

contraction principle, F has a fixed point x* E S'. 

The equivalence of (a) and (c) follows directly from 

Theorem 1. Using this equivalence and 
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p (Fn+1Yn8 Fn+l'Yn+l + P(Y,+~,FY,) 2 QP(Y, ,Y,+~)  + en 

w e  see that (c) implies (b). Now 

k=o 

w h i c h  by Lemma 2 shows t h a t  (b) implies (c) .  

lence of (c) and (d) is  proved as i n  Theorem 2. The er ror  

estimate follows d i r e c t l y  from (4.4) together with (4 .3 )  since 

Final ly  the equiva- 

P (X* , Y n + l )  s QP ( Y n + l '  x*) + Rp(yn,x *)  + 6n 
I 

(Q+R) P ( Y ~ + ~ , X * )  + R P ( Y n + l ,  Y ) + b n  

or I 

This completes the  proof. 

The condition (4.1) on the difference operator F n - F can 

be replaced by a stronger condition on F i tself .  

instead of (4.1) w e  require  tha t  F i s  an R 0 -contraction and 

P = (I-Q) (ROW) is  convergent. Then 

A s s u m e  t h a t  

-1 

p(Fx-FnX, FY-F,Y) Z p ( F X ,  Fy) + p ( F  n X FnY) (ROW) p(x8y) 
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so that  w i t h  R = R + Q, (4.1) is sa t i s f i ed .  This represents  

an extension of the  r e s u l t  of Warga [22]. 

0 

In  a somewha t  d i f f e ren t  way w e  can again remove the  condi- 

t i o n  (4.1) and also the requirement of an invariant  m e t r i c ;  i n  

addi t ion,  the  following theorem appears t o  be more sui table  
~ 

fo r  applicati0Ils. 

m Theorem 4: L e t  X be a complete R - m e t r i c  space and F:D c X -.) X, 

Fn:DxD c XXX 4 X (n = l,2,...) given operators such tha t  

(4 .5 )  P(F n (x,z),Fn(Y8')) ' Q P ( X , Y ) ,  xly8z E D,  

(4.6) p(Fn(z,x) ,Fn(z,y))  5 RP(x,y), x ,y ,z  f D,  

w h e r e  Q is nonnegative and convergent, R i s  nonnegative and 

-I 
P = (1-9) R is convergent, 

and assume that 

Let  Sn(x) = p(Fn(x,x),  Fx),  x E D, 

(4.7) l i m  6n(x) = 0,  pointwise fo r  x E D. 
n+= 

Suppose fur ther  that there  e x i s t s  a y 

t i o n  y = F1(y,yo) has a solut ion y1 E D and 

E D such t h a t  the equa- 
0 

-1 -1 
[ P P ( Y ~ , Y ~ )  + (I-Q) S E [X I p(x,yl) S (I-P) 6 1 3  C D 

where 6 Z 6 (y,) (n = 1,2, ...). 

Y = Fn(YI Y n - l  ) (n = 1,2, ...) have unique solut ions y n i n  S 

and yn -. x* where x* E S is  the unique fixed-point of F i n  D. 

Then the  equations 
n 
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Proof: For x ,  y E D and n 2= 1 w e  have 

and, by (4.71, p ( F x ,  Fy) 5 Tp(x,y) where T = Q+R. Hence it 
I 

1 follows as i n  Theorem 3 t h a t  F i s  a T-contraction on D. 

-1 
I L e t  S '  = {x I p(x,wl) I (I-T) ~ p ( ~ y ~ , y ~ ) ] .  Then S' c s 

since fo r  x E S '  an argument similar t o  t h a t  i n  Theorem 3 shows 

I Thus, by Lemma 3, FS' c S' and F has a fixed-point x* E S ' .  

N e x t  l e t  S" = {x I p(x,yl) 2 ( I -Q) - 'P ( J?~(Y~,~) ,  y l ) ]  fo r  

some f ixed n and a r b i t r a r y  fixed E S. Then with 

which implies 

w e  have 

so t h a t  SI' C S. Hence, by Lemma 3 ,  Fn ( - ,  y )  maps S '  i n t o  i t s e l f  
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and therefore  the  yn ex i s t  and are  unique i n  D. 

Final ly ,  

+ P(Fn(X*, x*) ,  Fx*) 

or  

which by Lemma 2 and (4 .7)  assures t h a t  y -, x*. This completes 

the proof. 

n 

W e  note t h a t  if the  operators F do not depend on the 

first variable,i .e. ,  if F (x,y) = F y ,  then we a r e  considering n n 
t he  e x p l i c i t  process y 

Theorem 4 reduces e s sen t i a l ly  t o  Corollary 3 of Theorem 2 

n 

. H e r e  Q = 0, P 2 R and - 
- FnYn n+l 

although the two constants 6 a re  defined i n  s l i g h t l y  d i f f e ren t  

ways. 

Shni lar ly , i f  t he  F do not depend on the  second var iable ,  n 

Theorem 4 gives a convergence r e s u l t  f o r  the impl ic i t  process 

n = O , l , . . .  . - Yn - FnYn' 

m 
As an example of the  application of Theorem 4 l e t  X = R 

and l e t  

FX = ( f , ( x  ..., x ) 1 i = 1, ..., m )  = o 
1 1' m 

be a nonlinear system of equations. Se t  
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Then FO(x,x) = F(x) and we have the implicit Gauss-Seidel process 

studied by Bers [l] and Schechter [ 131 : 

Conditions t4.5) and (4.6): 

Ifi(X1*...'X i zi+l 

and 

i 

m 1 m d 

* . . . Z  ) - fi(Y1, ...*y.*zi+l' 0 . .  z ) I s  Tl ) qij 

j=1 

m 
'Y * 1 I f . (zl* . 0 . ,z i'xi+l' .I . . ,x 1 - fi(Z1' . . . * z  i8yi+l8"*#y ) I s  T L 

R = (rij) we have qii .e 1, i = l,...,m and (I-Q) -1 R is conver- 

ijlxj 1 m m 1 
j=i+l 

are then satisfied if for the triangular matrices Q = (qij) and 

gent. This latter condition is satisfied if Q+R is convergent. 

Other examples are provided by linear decompositions of F. 
m H be nonlinear Gn* n Let X be a linear R -metric space and let F8 

operators on X such that Fx = F x + H x, n = 0,1, ... . Then 
if we define F (x,y) 

n n 

G x + H y we obtain the process n n n 

Theorem 4 then requires that all G are Q-contractions and 

p (Hnx. Hny) S 

R such that (I-Q)-'R is convergent. 

n 

Rp (x,y), n = 0,l8 . . . with a nonnegative linear 
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5. Extension to N-metric spaces 

I n  order t o  extend the r e s u l t s  of the previous sections 

t o  more general N-metric spaces it i s  necessary t o  place addi- 

t i o n a l  conditions on the PTL space N. For d e t a i l s  about the 

following ~ d e f i n i t i m s  w e  ~ r e fe r  t o  the  l i t e r a t u r e  on pa r t i a l ly -  

ordered topological l i n e a r  spaces e.g. Birkhoff 123, Nachbin 

[ 81, Namioka [ 9 ]  and Schaefer [ 123 .  (See a l s o  Vandergraft [ 201 

and Rheinboldt and Vandergraft [ll].) 

Defini t ion 4: L e t  N be a PTL space w i t h  pos i t ive  cone C and 

topology T. Then 

a )  N is ca l led  so l id  i f  C has  an i n t e r i o r  point;  

b) N is cal led reqular i f  any order-bounded monotone in- 

creasing sequence has a l i m i t  i.e. i f  whenever 

a S a  5 a ,  n = O , 1 ,  ..., {a converges t o  some 

element i n  N; 

n n+l - n 

c) N is ca l led  normal i f  f o r  any neighborhood base U of 

the or ig in ,  there  e x i s t s  a constant Q, > 0 such t h a t  

fo r  any a Z 0 i n  N ,  and any neighborhood U f U we have 

{b I 0 I b - S  a] c aU. 

m 
As examples, we note  t h a t  R is  regular ,  so l id  and normal. 

P 
C [ O , l ]  and L [ 0 , 1 ]  (1 S p S a) are normal under t h e i r  usual 

orderings and topologies. Furthermore, C[ O , l ]  and La[O, l l  a r e  
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P s o l i d  but not regular while L [ 0,1] fo r  1 5 p S 

but  not so l id .  

a re  regular 

For PTL spaces i n  which T i s  a norm topology, it can be 

shown t h a t  the  space i s  normal i f  and only i f  there  e x i s t s  a 

constant a! > 0 such t h a t  0 I a i b implies \la11 S ullbll. 

can then introduce an equivalent monotone norm ii ii , i .e. 

0 z a 5 b implies llall' S \\bll'.  

We 
- 

I n  general, a sequence {b 3 i n  a p a r t i a l l y  ordered l i nea r  n 
space N i s  cal led r e l a t i v e l y  uniformly conversent t o  zero i f  

there  e x i s t s  a r e a l  sequence t 1 t2 Z...Z 0 with ti + 0 and 
1 

an element b Z 0 i n  N such t ha t  

-t b s b S t b, n = 0,1, . . .  . n n n (5.1) 

For normal PTL spaces it may be shown t h a t  

(5.2) 0 S a S bn , n = 0,1,. . . where b 0 ,  implies a 0 n n n 

and thus i n  a normal PTL space r e l a t i v e  uniform convergence i m -  

p l i e s  topological convergence. For so l id  PTL spaces the con- 

verse holds. Therefore, i n  a normal and so l id  PTL space topo- 

log ica l  convergence is  equivalent with r e l a t i v e  uniform convergence. 

A l l  of the sequential  convergence conditions used by 

Collatz [ 3 ]  and Schrsder [161 are s a t i s f i e d  i n  a normal PTL 

space N. The conditions of Ehrmann [ 4 ]  require  t h a t  N be so l id  
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as w e l l ,  while Schmidt [ 141 assumed t h a t  convergence is  equiva- 

l e n t  t o  r e l a t i v e  uniform convergence,a condition which is  

s a t i s f i e d  if N is  both so l id  and normal. 

L e t  X be an N - m e t r i c  space where N is normal. I f  U is  

a neighborhood base of the or igin in*N,then fo r  each xo f X 

the sets [x E X i p(x,xoj E U E U] form a loca l  neighborhood 

base of xo f o r  a uniform topology on X. 

convergence of a sequence {x ] c X t o  x E X again means t h a t  

p(xn8x) -.) 0; w e  c a l l  X complete i f  any Cauchy sequence has 

~~ 1 

1 Under t h i s  topology, 

I n 

I 

a l i m i t  i n  X. 

As before,a continuous l i n e a r  operator P:N -.. N is  ca l led  
m - 

nonnesative i f  Pa 1 0 whenever a % 0 and convergent i f  7 Pka 
kz0 

e x i s t s  fo r  a l l  a E N. It is well-known t h a t  for  convergent P8 
W -’ 1 $a fo r  a l l  a E N. Clearly, ( I -P)  ex is t s  and ( I - P )  a = -1 

k=O 
(1-pl-l is  nonnegative i f  P i s  nonnegative. 

On an N - m e t r i c  space X a mapping F:D c X 4 X w i l l  again be 

ca l l ed  a P-contraction on D i f  there exists a continuous non- 

negative convergent linear operator P:N 4 N such t h a t  

p(FX,Fy) S Pp(x,y), x,y E D. If N is a normal PTL space the  

contraction pr incipIe  again follows from the general r e s u l t  of 

Schrader [ 161 . 
It is  eas i ly  checked t h a t  on any N-metric space X fo r  which 

, 
I N i s  normal, Lemma 3, Theorem 1 w i t h  the  exception of ( 3 . 3 ) ,  
l 
I and p a r t  (a)  of Theorem 2 remain va l id  and the proofs hold word 
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for  word .  I n  order t o  conclude (3.3) and hence a l l  of the 

remaining r e s u l t s ,  w e  need Lemma 2. In  addition, Theorems 3 

and 4 have used Lemma 1 w h i l e  Theorems 2, 3 and 4 have used  the 

cont inui ty  of (I-P) . -1 

-1 
For the cont inui ty  of (I-P)  t w o  general r e s u l t s  can be 

has shown that every nonnegative l i n e a r  operator i s  continuous. 

On the other hand, if N is semi-metrizable and topologically 

complete then the Banach-Steinhaus Theorem assures that  ( I -P )  , -1 

as  the l i m i t  of continuous l i n e a r  operators,  is again continuous. 

Next w e  consider the generalization of Lemma 2. If  

k=o 

then whenever P:N 4 N is continuous it follows a s  before tha t  

a -.) 0 implies b -. 0. For t h e  converse one general r e s u l t  i s  

the following: If  N is  a normed l i n e a r  space and P:N + N a 

l i n e a r  operator w i t h  spec t r a l  radius  a (P )  = lim sup 11 P 

then 

if w e  only know that P i s  convergent then we may have o ( P )  = 1 

n n 

1 
n -  11 

11 Pn 11 < - and the previous proof of Lemma 2 holds. 

< 1, 
CD 

But 
0 

and the proof breaks down. A d i f f e ren t  approach is the following: 

Lemma 4: L e t  N be a normal PTL-space and P:N -, N a nonnegative 

convergent continuous l i nea r  operator. 

t i v e l y  uniformly, a -. 0 i n  the topology of N. 

Then i f  bk -, 0 rela- 

n 
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i 

m 

k=o 
Proof: For some f ixed m ,  l e t  cn = Pn-m 1 Pm-kbk and 

n 
d = 7 pn‘% n Z m; then a = c + dn. Since bk 4 0 rela- 
n L- k‘ n n 

m + l  
t i v e l y  uniformly,there e x i s t s  b Z 0 i n  N and a real  sequence 

z t  tk - k+l  z -... 1 0, tk 4 0 such tha t  (5.1) holds. Hence, s ince 

P i s  nonnegative and convergent, -tm+l (I-I?)-% s d n s tm+l(I-P)-lb, 

n Z m,and given any neiqhborhood U of t he  or ig in ,  the  normality 

of N shows t h a t  w e  can choose m such t h a t  d E %u, n Z m. But n 

s ince  P i s  convergent c 4 0 for any fixed m and hence a E U, 

n 1 m ,  i .e. a 0,  

n n 

n 

Since i n  normal, s o l i d  FTL spaces, sequential  topological 

convergence is equivalent with relative uniform convergence it 

f o l l o w s  from Lemma 4 t h a t  i n  such spaces Lemma 2 holds. Hence 

i n  N - m e t r i c  spaces fo r  w h i c h  N is normal and so l id ,  Theorems 1 

and 2 remain va l id ,  and the  proofs are the same. 

Theorems 3 and 4 also required Lemma 1 i n  order t o  conclude 

that Q + R w a s  a convergent operator. One general izat ion of 

 emm ma 1 is the following: 

Lemma 4: 

pos i t i ve  cone C is reproducing, i.e., C - C = N. L e t  P:N 4 N 

L e t  N be a regular PTL-space and assume that  the 

-I 
be a nonnegative l i n e a r  operator such t h a t  (I-P)  exists and 

is nonnegative. Then P i s  convergent. 

Proof: For any b Z 0, - 

k=o 
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Hence t h e  monotonically increasing sequence {c ] is order- 
n 

bounded and 

such that b 

has a l i m i t .  

= b -b But 1 2 '  

hence also 7 A. 

For a r b i t r a r y  b there e x i s t  bl,b2 E C 

then 1 P]61 and 1 Pkb,  converge and 

L 

By i tself  t h i s  r e s u l t  i s  sa t i s f ac to ry  but  taken together 

with the earlier ass1~m~tions ef nermality and solidness, the 

class of spaces for which Theorems 3 and 4 apply is considerably 

restricted.  of course, it is possible t o  add the assumption, 

or t o  a sce r t a in  otherwise,that both the operators Q + R and 

P = (I-Q)-'R are convergent: then Theorems 3 and 4 w i l l  again 

be v a l i d  i f  N is  only so l id  and normal. 

In  summary, we  have given some s u f f i c i e n t  conditions tha t  

Lemma 1 and 2 and hence a l l  our r e s u l t s  of Sections 3 and 4 

remain va l id ,  although these conditions a re  ra ther  s t r ingent .  

An open question remains a s  t o  what other  conditions a r e  

possible  and, indeed, w h a t  are necessary conditions. 
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